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We now consider a numerical test of the model in the case
of a two-dimensional mixing layer in the configuration shown
in Fig. 2. Propane is injected through a narrow slot into a
stream of air. In the first step, no combustion is taken into
account. Only contact area is considered and the nonpremixed
reactants mix to form a premixed stream. When the flow is
well established, ignition takes place from the initial premixed
flame area distributed at time t - O around the ignition point.

The contours of constant mass fractions of nonpremixed
fuel, premixed fuel, densities of contact, premixed and diffu-
sion flame areas and temperature are displayed in Fig. 3 as a
function of time. Combustion begins with an unsteady pre-
mixed flame propagating in the initial mixture. The flame
front travels crosswise and then propagates upstream inside
the recirculation zone. A diffusion flame is then ignited and
reaches a stationary configuration while the premixed flame
disappears with the consumption of all the premixed reac-
tants. This description is in qualitative agreement with a high-
speed schlieren film of the ignition phase of an experimental
combustor with the same geometrical configuration. The
steady-state structure of the established diffusion flame is also
in agreement with previous numerical simulations and experi-
ments (Lacas et al.7).

IV. Conclusions
A model is proposed for turbulent flames combining pre-

mixed and nonpremixed flamelets. This model is tested in a
simple case to simulate the transient post ignition regime of a
diffusion flame. Further computations are being conducted to
qualify the combined model. It will be useful to compare
numerical predictions with experimental results, but the avail-
able data are not adequate. However, preliminary calculations
indicate that it may be possible to describe time-evolving-situ-
ations or the steady-state stabilization of nonpremixed shear
flows. Further tests should prove whether this model is able to
simulate blow-off and lift-off of diffusion flames. The formu-
lation may be improved in various ways. For example, it will
be easy to add other terms in the balance equations for the
different flame surface densities to predict the quenching phe-
nomenon due to excessively large local strain rates.
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Introduction

T HE boundary condition switching method for solving
stream function-vorticity equations1'2 is applied to solve

the incompressible Navier-Stokes equations in primitive vari-
able form. The key idea of this method is that on boundaries,
where both Dirichlet and Neumann boundary conditions are
known, the Neumann boundary condition is satisfied natu-
rally while the Dirichlet boundary condition is used to substi-
tute the unknown boundary condition of the other variable,
for instance, vorticity in stream function-vorticity equations
and pressure in Navier-Stokes equations. When solving the
Navier-Stokes equations with primitive variables for incom-
pressible laminar flows, the Dirichlet boundary condition is
the velocity boundary condition by giving zero velocity at wall
boundaries. The Neumann boundary condition are given by
the continuity condition. In the methods solving Navier-
Stokes equations with primitive variables, the velocity
boundary conditions are implemented with the Neumann
boundary condition satisfied by continuity equation. It is well
known that these methods result in pressure oscillations using
equal-order interpolation in finite element method3 (FEM)
and using non-staggered grid in finite difference method4

(FDM). This difficulty could be removed by using the present
method. Application of the present method is tested by both
FEM and FDM. Our results show that this method does not
result in any pressure oscillations. Thus, pressure solutions do
not need to be filtered or smoothed.

Governing Equations and Boundary Conditions
The two-dimensional steady incompressible Navier-Stokes

equations are

(1)

(2)

in a bounded domain 0, where Fis the velocity vector, P the
pressure, p the density, and v the kinematic viscosity.
Boundary conditions are

V = V(x)

3V dV f

Tn=Tn(

P = P(x)

on T2€ r = dfi

(3)

(4)

(5)

where riur2ur3 = r.
On some boundaries both Dirichlet and Neumann boundary

conditions for velocity exist when a viscous flow problem is
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solved. To implement boundary conditions in a numerical
procedure, sometimes Neumann boundary conditions are ig-
nored. For example, along a horizontal solid wall, the no-pen-
etration condition is implemented explicitly by giving v = 0.
The Neumann boundary condition along walls dv/dy = 0 is
satisfied automatically by the continuity equation. In the pre-
sent procedure, the condition dv/dy = 0 is implemented ex-
plicitly in both FEM and FDM while the no-penetration condi-
tion v = 0 is used to replace the continuity equation for the
pressure representation. On other wall boundaries, boundary
conditions can be implemented similarly.

Finite Element Formulation
The weighted residual formulation is applied and the inte-

gration weak forms of Eqs. (1) and (2) are

W(V • VP/p-*>V2F)da = (6)

(7)

where W\$ the weighting function. In Eq. (6), applying Green
transformation to the second-order term and choosing the
weighting function W to be the shape function N, we have

[N(V- V F + VP/p) + V V\ da = 1 vN— dS
r on

(8)

The derivative of the normal component of velocity at the
walls is zero and satisfied automatically because the boundary
integral for the velocity normal component in Eq. (8) van-
ishes. Thus, the no-penetration condition can be used to re-
place the continuity equation for pressure representation.

Bilinear elements are used in this work and the appropriate
piecewise polynomial basis functions for velocity V and pres-
sure P- are

(9)

(10)

The discretized simultaneous equations are built up using the
local stiffness matrix:

A =

where

**vv **v

Ku,u = I I (NV - Vw + vVN - Vw) da

(11)

,,v = (NV • Vv + vVN • Vv) da

oy P

n dv
^,-J jAT-d,

and w and v are the x and y components of the velocity V.
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Fig. 1 Results on rotating cylinders.

Re-200

Re-4OO

Re-VJOO
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Fig. 3 Velocity field in the duct.
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Finite Difference Formulation
The central difference formulation is used for grid points

inside the domain. Thus, the finite difference equations for
grid point (ij) are

i Mf/ „ 1MA-i x i,j vn-\ y *>j
i ~ . ~ vi i _ .2A^r

« is*v/y « i^v /y "̂y iT^v"; 5»v/„«-! ^_U + y«-l JL-LL +^L-U_Re-l\ -JLJd + ̂ L-L
2Ajc w 2Ay 2Ay [ ̂  Axx

where

&x<ii,j = q\ + i,j-<i\-\,j

q\ - i

(12)

= 0

(13)

(14)

(15)

(16)

(17)

(18)

The Neumann boundary conditions for the normal compo-
nent of velocity at the wall can be satisfied automatically if we
apply the finite difference equations for the momentum equa-
tions to grid points on boundaries where both Dirichlet and
Neumann boundary conditions exist. For instance, for hori-
zontal wall boundaries, we have u = 0, v = 0, and dv/dy = 0.
Thus, Eq. (13) becomes

(19)

The Dirichlet boundary condition v = 0 is used to replace
the continuity equation. In this way, both Dirichlet and Neu-
mann boundary conditions are implemented with the continu-
ity equation satisfied. For grid points inside the flow region,
Eqs. (12-14) are implemented and for grid points on the
wall boundaries, the momentum equations take the form of
Eq. (19). These equations are solved simultaneously while the
nonlinear system is updated by Newton-Raphson method.
With the boundary condition switching, staggered grids are
not necessary and there is no pressure oscillation found.

Results and Discussions
The first test flow problem is the incompressible laminar

flow between concentric rotating cylinders. The exact solution
can be found in textbooks on fluid mechanics (see, e.g.,
Schlichting5). Numerical solutions for this problem can be
compared with the exact solution to estimate the accuracy.
In this test case, the inner cylinder with radius r\ is stationary
and the outer cylinder with radius r2 rotates with angular
velocity w. The dimensionless primitive variable form of the
Navier-Stokes equations in polar coordinates is solved. Veloc-
ity components are nondimensionalized with respect to the
outer cylinder tangential velocity r2co. All lengths are nondi-
mensionalized with respect to the inner radius r\. The dimen-
sionless pressure is defined by P/p(r2u)2 and the radius ratio
TI/TI is fixed at 2. In this problem, a 10 x 16 mesh is employed.
Both FEM and FDM are applied on the same grid. Numerical
results obtained by both methods are very close to each other.
Numerical results show that the dimensionless solutions of this
problem are independent of Reynolds number. In Fig. 1,
tangential velocity distribution is shown as a function of r/r\.
The relative pressure P—Pj is also plotted in Fig. 1. Good
agreement between our numerical results and the analytical
solution can be seen.

The second flow problem solved with the present method is
the flow in a duct with the sudden enlargement. The definition
of the flowfield geometry is 1.5H at the duct inlet and 2.5H at
the duct exit with a back-step heigh H. The length of the duct
from the back step to duct exit is 20/if and the length from duct
inlet to the back step is 9H. The computation was performed
for Reynolds numbers of 200, 400, and 1000 on a grid with
2169 grid points. The present method is implemented on the
same grid with both FEM and FDM. The dimensionless pres-
sure P/[(p00V2

x,)/2] contours are shown in Fig. 2. Pressure
values change continually and smoothly along the duct. There
is no spurious pressure value observed. Thus, the pressure-fil-
tering procedure is not needed. Velocity fields in the region
close to the back step are shown in Fig. 3. At the duct inlet and
the duct exit, velocity profiles present fully developed laminar
flows. Near the back step a circulation zone is observed. For
higher Reynolds number the reattachment point moves further
downstream.
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I. Introduction

THE asymmetric system of vortices that separate from
the forebodies of aircraft and missiles at high angles of at-

tack has long been recognized as a significant contributor to the
aerodynamic loading on the vehicle.*~3 Strong yaw moments are
created that can overwhelm the control surfaces causing the ve-
hicle to lose control. For example, the unpredictable trajectories
of missiles launched at high angles of attack are related to the
forces generated by the forebody vortices.
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